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Abstract. We establish the kernel estimates for the Littlewood-Paley projections asso- 
ciated with a Schrodinger operator H — —A + V in R"^ for a large class of short-range 
potentials V{x). As a corollary, we prove the homogeneous Sobolev inequality. 



1. Introduction 

1.1. Littlewood-Paley projections. Consider a Schrodinger operator H = —A -|- y in 
M'^. We define the potential class /Cq as the norm closure of bounded, compactly supported 
functions with respect to the global Kato norm 



\x - y\ 



A complex number A G C is called a resonance if the equation il)+{—lS.—\^iQ)^^Vilj = has 
a slowly decaying solution such that ■0 ^ -^^ but {x)~^ip E for all s > ^. Throughout the 
paper, we assume that V €z ICq and H has no eigenvalues or resonances on the positive real 
line [0, +oo). The potential class /Cq is known as a critical potential class for the dispersive 
estimate for the linear propagator e**^ [3l [10] . 

Under the above assumptions, it is known that H is self- adjoint on and that its 
spectrum cr{H) is purely absolutely continuous on the positive real-line [0, -|-oo) and has at 
most finitely many negative eigenvalues [3]. Moreover, for a bounded Borel function m : 
(t{H) — )• C, one can define an L^-bounded operator m{H) via the functional calculus. Note 
that if y = 0, such a multipliers is simply a Fourier multiplier A)/)^(^) = 

In this paper, we investigate the kernel estimates for the Littlewood-Paley projections 
associated with a Schrodinger operator H. Let x £ such that suppx C [^,2] and 

Y.Ne2^ XAf = 1 on (0, +co), where xn ■= xij^)- Let xn G C^{C) such that xn = XNi^/X) 
for A G (0, -|-oo) and XN{^j) = for all negative eigenvalues Xj. We define a family of 
Littlewood-Paley projections associated with H by 

Vn := Xn{H). 

When y = 0, we denote P/v = xn{—^)-, which is the standard Littlewood-Paley projection. 
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1.2. Statement of the main results. The first main theorem of this paper says that if 
V is small, Vn satisfies exactly the same kernel estimate as the homogeneous case V = 0. 
For an integral operator T, we denote its kernel by T{x,y). 

Theorem 1.1 (Kernel estimate for Vn- small potential). Suppose that y G /Co and H has 

no eigenvalues or resonances on [0,+oo) and \\V\\ic < 47r. Then, for N and m>0, 

where ||/||iym,i := ^"=0 ll^'^/HiiW • 

Second, without the smallness assumption, we prove the following kernel estimates: 

Theorem 1.2 (Kernel estimate for Vn)- Suppose that V £ ICq and H has no eigenvalues 
or resonances on [0,+c«). 

(z) (High frequencies) There exists Ni = Ni{V) S> 1 such that for N > Ni and m > 0, 



\'PN{x,y)\ 



< 



N''\\x\\\iLa 

, , 2m + l 

{N{x-y))^ 



(ii) (Low frequencies) There exist Nq = No(V) ^ 1 and K{xi,y) € L'^Ll.^ such that for 
N < No and m > 0, 

f N^\\x\\uflmiK(xi,y) 
\VN{x,y)-PN{x,y)\< , "^T!:; I dx,, 



\x — xi\{N{x — xi)y 

(Hi) (Medium frequencies) For Nq < N < Ni, there exists KN{xi,y) G L'^L\_^ such that 
for m > 0, 

|P^(x,y)-P^(x,y)| <^^^^M|^2^|li^d^,, sup||K^(.i,y)||,.,.^ <oo. 

As a corollary, we have: 

Corollary 1.3 (Boundedness for Vn)- IfVGiCo and H has no eigenvalues or resonances 
on [0, +oo), then 



(1-1) II^^/IIl. <ivil/||LP, 

where 1 < p < q < oo, 0<s<3 and - = - — ^. 

— f — 1 — > — q p 3 

Remark 1.4. (i) D'Ancona-Pierfelice proved the L^-boundedness of Vn based on the Gauss- 
ian heat kernel estimate for the semigroup e^*^. However, it required smallness of the 
negative part of the potential, V-{x) := min(y(x),0) [6, Proposition 5.2]. 
(ii) The kernel estimates in Theorem 11.11 and 11.21 are stronger than the — L'^ bound 
(1.1). Indeed, Corollarv 11.31 is not sufficient to prove the Sobolev inequality (see Theorem 
[r6] below). 
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We prove Theorem II .11 and II. 21 by the fohowing strategy. First, we write the Littlewood- 
Paley projection formal series expansion 

oo 
ra=0 

whose term has exphcit integral representation. We then prove that each V^{x,y) 
satisfies the kernel estimate of the form in Theorem 1.2 and 1.3, respectively (Lemma 12. 2| 
Lemma 14.41 and Lemma 5.1). Next, we prove that V^{x,y) is summable in n (Lemma 13. H 
Lemma 14.51 and Lemma 5.2). Finally, combining them, we complete the proof. 

In this paper, we adopt the techniques to show dispersive estimates for a linear propagator 
e**^. This approach allows us to take a lot of advantages from its recent progress. The first 
dispersive estimate of the form \\e^^^ PcWl'^^l^ < was first proved by Journe-Soffer- 

Sogge [11] under suitable assumptions on potentials. These restrictions have been relaxed 
by Rodnianski-Schlag [12], Goldberg-Schlag [8] and Goldberg [7]. Recently, employing the 
operator-valued Wiener theorem, Beceanu-Goldberg established the dispersive estimate for 
the scaling-critical potential class /Cq [31 110] . 

1.3. Homogeneous Sobolev inequality. The "inhomogeneous" Sobolev inequality asso- 
ciated with H is known for a fairly general class of potentials. We say that a potential V is 
in Kato class if 

lim sup / My)i(iy = 0, 

'■^O+xGRS J|x-3/|<r \x-y\ 

and V is locally in Kato class if Vl^.^<^ji is in Kato class for all R > 0. 

Theorem 1.5 (Inhomogeneous Sobolev inequality [131 Theorem B.2.1]). Decompose V = 
V-j- — V-^ with V-j-,V- > 0. Suppose that V- is in Kato class and V+ is locally in Kato class. 
Then, for Re z < inf cr{H), 

(1-2) II(^-^)-^/IIl, <||/||l. 

where 1 < p < q < oo, < s < 3 and ^ = ^ — |. 

q p o 

When V = 0, one can take z = in (1.3), called the "homogeneous" Sobolev inequality, 
or the fractional integration inequality. The proof of Theorem 1.5 is based on the heat kernel 
estimate, which requires Re z to be strictly less than the bottom of cr{H) [1'6\ Theorem B.7.1 
and B.7.2]. 

As an application of Theorem 1.3, we prove the following homogeneous Sobolev inequality 
(z = 0) without using the heat kernel estimate: 

Theorem 1.6 (Homogeneous Sobolev inequality). IfV^fCo and H has no eigenvalues or 
resonances on [0,+oo), then 

(1-3) \\H-'^P,f\\L. < II/IIlp, 

where l<p<q<oo,0<s<3 and ^ = ^ — |. 
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Remark 1.7. Yajima 115) proved that the wave operator W := s-\ime^^^ e is bounded 

t— >-+oo 

on W'^'P, when zero is not an eigenvalue or a resonance and |V^y(x)| < for all 

multi-index k with \k\ < 2. Recently, Beceanu [2] extended this result to the scaling-critical 
class of potentials 

B:={V:Y^ A^'/'r(x)||Li(7V<|x|<27V) < oo}. 

The homogeneous Sobolev inequality then follows from the boundedness and the intertwin- 
ing property of the wave operators. Theorem 11.61 improves this consequence in that /Co is a 
larger class than B . 

1.4. Notations. We denote the formal identity by A" = "B which will be proved later. 

1.5. Acknowledgement. The author would like to thank his advisor, Justin Holmer, for 
his help and encouragement. He also would like to thank Michael Goldberg for several 
useful comments and discussions. 

2. Proof of Theorem ll.lt Small Potential 

For z ^ <y{H), we define the resolvent by Rv{z) := {H — z)^'^ , and denote Ry{\) ■= 
lim iiy(A lb ie). Then, by the Stone's formula, Vn can be written as 

(2.1) Vn = - XNi^)lniR+i\)dX. 

Iterating the resolvent identities, we get a formal Born series of the resolvent operator: 

oo 

i?+(A) = <(A)(/ + VR^ix))-' " = " ^(-l)"<(A)(yi^+(A))^ 

n=0 

Plugging this formal series into the spectral representation (12.11) and by a change of variables 
A I— 7- A^, we obtain a formal series expansion of Vn- 



(2.2) 



1 f °° 

Vn = - XJv(^^)Im[i?+(A)]dA 



" = "E(-1)"- / V^iv(A)Im[i?+(A2)(yi?+(A'))"]dA=:^n, 

„=0 ■'^ n=0 

where if{X) is the odd extension of Axl[o,+oo) to M and ipN = ^{jj)- The main advantage 
of this formal series expansion is that one can express the kernel of each explicitly in 
the integral form by the free resolvent formula i?(|(A)(x,y) = f^^jl^z^- 

Lemma 2.1 (Integral representation of V^{x,y)). 

(2.3) p]^(^,y) = (_i)"^ f Uk=iVixk) 

where xo := x, Xn+i := y, dx(i_„) := dxi ■ ■ ■ dxn and an := Yl]=o l^j - ^j+il- 
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Proof. Observe that involves (n + 1) free resolvent operators, each of which is a convo- 
lution operator. Hence, by the free resolvent formula and the Fubini theorem, we write 

V^{x,y) = i-ir- / Im / y^(A) ^i^='; , J] y{^k)d^ii,n)dX 

Jr Ju^n lk=o4vr|a;fc - Xk+i\ 

= (-1)"- / Trflr^^^^^ll- / ^^(A)e^^^"-l^-^'-^lciA}dx(,„) 

= (-1)"- / nLi^x.) 1 ^ 

In the third equality, we used the fact (/Jat is an odd function. □ 

Theorem 11.11 is an immediate consequence of Lemma 12. 2t 
Lemma 2.2 (Off-diagonal decay estimate). 



(2.4) \n{^,y)\<{n + l){^y 



{N{x-y)) 



m+l 



Proof of Theorem \l.l\ assuming Lemma \2.R Since ||1^||ac < ^vr, the right hand side of (12. 4p 
is summable in n. The formal series ()2.2p is absolutely convergent and the sum satisfies the 
kernel estimate. □ 

Proof of Lemma \2.'A We claim that, in (|2.3|) . 



(2.5) \(pN{'yn)\ < 



Since is odd, by the trivial inequality | sint| < \t\, we get 

\'PN{<yn)\= [ 9?Ar(A) sin(Acj„)dA < an [ X(fNWdX = ^ J^" / A^x(A)(iA < 7V^(t„||x||z 
JR Jr ^ Jr 

On the other hand, since ip]\f = (p{j^), if £ S and 92(A) = Ax(A), we have 



where the last inequality follows from the triangle inequality (J„ > |x — y|. Combining these 
two estimates, we prove the claim. Now we apply (2.4) to ()2.3p . then 

ivnfa- y)\ < J:l^Mw!l^(S^ f nLil^(^fc)l I x^AdY.. 

(Af(x-y))"+^ V^7k3" nfc=o47r|xfc-Xfc+i| ^' V 

It suffices to show that for each < j < n, 

m=i\v{x,)\ ,^ ^ ^/ii^ik 



k=0^'^\^k - Xk+l\ ^ ' ^ V 47r 
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To see this, we write the integral as 



-axn / : — : rUXf 



, , r"-^(i,i) ) \ / Trn T~i r"-^(j+i.n) ) • 

nLo^TT^fc - Xfc+il WM3(n-,) nfc=i+i4vr|xfc - Xk+i\ V 



By the definition of the global Kato norm and the Holder inequalities, we bound the first 
term by 



4tt\xo - xi\"" y \ ^Y^y J^3U-i) lllJ^47r\xk - Xk+i\ ^^'^^ 



< (Mt) ( ,„p / -P^,.,) I sup f m.,ivMi 



< . . . < 



47r 



and similarly we bound the second term by ( "'. □ 

3. Proof of Theorem 11.21 (i): High Frequencies 

Consider a large potential. Note that if ^ ^vr, the sum of the right hand side of 

(12. 4p is not convergent anymore. However, if is large enough, one can still make the 
formal series (j2.2p absolutely convergent by the following lemma: 

Lemma 3.1 (Summability of 'P]^(x,y)). For e > 0, there exists a large number Ni ^ 1 
such that for N > Ni, 

(3.1) m(^,y)l<l!y|k,.(^ + l)e'^A^'- 

Proof of Theorem ] 1.2\ (i). assuming Lemma \3.1i For e = choose A'"i ^ 1 from 

Lemma ETll For > A^i, combining (i2l4l) and (f3Tl) . we get 

_ n + 1 A^^||xll^2m,i 



2m + l • 

2 



Summing them up, we prove Theorem 11.21 (i). □ 

To show Lemma |3.H we recall the free resolvent estimate. 
Lemma 3.2 (Free resolvent estimate [9l Lemma 2.1]). 

From this lemma, one can make {VRq {X'^))'^ arbitrarily small in C{L^) for A ^ 1: 
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Lemma 3.3. Let V G ICq- Then, 



(3.2) 
(3.3) 



sup\\VR+{X' 



< 



\V\ 



K 



47r 



A— >oo 

Proof. By the Minkowski inequality, 

i2 



lim ||(yi?+(A^))^||^(^i)=0. 



\VR^{\')fh. < 



( 


V{x) 


/r3 


47r X — y\ 



Given e > 0, choose a bounded and compactly supported such that ||y — VellAC < 
As above, we approximate {VRq{\^))'^ by (ye-R(]'(A^))^ with 0(e)-error in C{L^). For 
{V^Rt {X^))"^ , applying Lemma 3.2 and the Holder inequalities, we get 



||(V;i?o+(A2))2/||^, < ||K||^,/3||i?o+(A2)Ki?+(A2)/||i4 < {\)-^l^\%R^{\')f\\ 



L4/3 



K(A^)/ll^4/3 < (A) 



-1/2 



1 



F - y\ 



rA/3 



\f{y)\dy 



<(A)-'/'||/||Li^OasA^oo. 
Since e > is arbitrary, we obtain (3.3). 

Now we are ready to prove Lemma l3.ll 
Proof of Lemma \3.1[ Fix e > 0. It suffices to show that for N > Ni, 

(3.4) im/llL-<(n + l)e"iV3||/||^i 

First, by (3.3) and duality, we take Ni = Ni{e, F) > 1 such that if iV > iVi, 

(3.5) ll(^^o+(A^))'ll£(Li) < e'; IKi^o (A2)y)2||^(^^) < 
for all A G supp(/?Ar. We split 

lm[R+{X'){VR+{X')r] = R+{X'){VR+{X')r - R^ {X'){VR^ {X')r 
in (2.1) into (n + 1) terms 

(^o+(A') - (A2))(yi2+(A2))" + R,iX')ViRUX') - R,{X')){VR+{X')r-' 
+ ■■■ + {RoiX^WriR^X') - R^{X')). 



□ 



If A G suppyjAT, by the mean value theorem, we have 



(3.7) \\{R^{X')-R,{X''^ 



< 



JX\x-y\ 



-iX\x-y\ 



A7r\x — y\ 



r oo r oo 



Thus, applying (3.2), (3.5) and (3.7) to each term in (3.6), we obtain 
\\{R^iX')V)HRU>^') - iio (A^))(^<(A^))"-V||l- 



< 



in 
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where [aj is the largest integer less than or equal to a. Therefore, we conclude that 
im/llL-<^^ / ^N{\){n + l)e^N\\f\\LidX<{n + l)e-N^f\\Li. 

□ 

4. Proof of Theorem 11.21 (ii): Low Frequencies 

Now we consider low frequencies. If is not large, the argument in the previous section 
does not guarantee the convergence of the formal series (j2.2p . This convergence issue can 
be solved by introducing a new formal series expansion for Vn- 

4.1. Preliminaries. We begin with some preliminary lemmas. For A, Aq G M, we define 
the difference operator Bx x^ by 

Lemma 4.1 (Bound for Bx^Xo)- Let V G /Co- For e > 0, there exist S = 6{e, V) > and an 
integral operator B in C{L^) with kernel B{x,y) such that for all Aq S 

\Bx,Xoi^^y)\ ^ B{x,y) for |A - AqI < 6, \\B\\^li) = \\B{x,y)\\L^Li < e. 



Proof. Fix e > 0, and choose a bounded compactly supported function such that \\V — 
VeWic < £• Let S > he a small number to be chosen later. Then, Ve(i2j'(A^) — Rq{Xq)) 
approximates V{Rq{X'^) — Rq{Xq)) with 0(e)-error in C{L}). Thus, by the mean value 
theorem, we have 



sup \Bx,Xo{x,y)\ = sup 

A-A()|<5 |A-A()|<(5 



47r|x — y\ 



< sup 

|A-Ao|<5 



K(x)(e*^l^-S'l - ^ \{V - V,){x)\ ^ \Ve{x)\5 ^ \{V - V,){x)\ 



4:7r\x — y\ 



2'ir\x — y\ 47r 2tt\x — y\ 



Define the integral operator B with kernel B{x,y) := ^^'^^^^^ + ^^^|^^^^^^ , and take 6 = 
ell^ell^i- Then, \\B{x,y)\\L^Li < e. □ 

Note that by the assumptions of this paper, (I + VR^{X'^)) is invertible in C^{L^) for 
all A G M. Indeed, if it is not for some A, then A must be an eigenvalue or a resonance 
(contradiction!) [3]. Hence, for A E M, we can define 

Sx := (/ + VR+{X^))-'- Sx := (Sx -/) = (/ + VR^{X^)r' - I. 

Lemma 4.2 (Uniform bound for 5a). IfV^K-o and H has no eigenvalues or resonances 
on [0,+oo), then Sx is an integral operator with kernel Sx{x,y): 

(4.1) 5 :=sup||5a||£(Li) = sup||5A(x,y)||iooii < oo. 
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Proof. The uniform boundedness of Sx follows from O Theorem 2]. It remains to show 
that Sx is an integral operator. By algebra, 



Sx = il + VR+iX^))-' -i = -(i + VR+{X^))-^VR+iX) = -SxVR+iX^). 

X\x-y\ 

T\x-y\ 



Consider Fy^x; y, A) := V{x) 4^|^._^| as a function of x with parameters 7/ G and A G R, 



which is bounded in L]., uniformly in y and A: y, A)||ii = II 4^\i^}y\ Wli ^ ^ll^- 

Hence, So{x]y, A) := —[SxFY{-;y, X)]{x) is also a uniformly bounded "function," that is, 

sup sup ||so(x;y, A)||ii < 00. 
Then, by the Fubini theorem and the duality, 



so{x;y,X)f{y)dy)g{x)dx = - / [SxFv{x;y,X)]g{x)dx)f{y)dy 



Fv{x;y,X){Slg){x)dx)f{y)dy = - {V R^ {X) f , Slg) ^2 

= -{SxVR+{X)f,g)L2 = {Sxf,g)L2 =1(1 Sx{x,y)f{y)dy)^dx, 

for all f £ and g G We thus conclude that Sxix, y) = so(x; y. A) satisfies (|4.ip . □ 
4.2. Construction of the formal series. Let 

(4.2) e:={{S+lf\\V\\K,)-\ 

where S is given by Lemma 4.2, and then take 5 = 5{e) <C 1 from Lemma 4.1. Replacing 
smaller 6 if necessary, we may let 6 be dyadic. We set A'^o := 5/2, and consider N < Nq. 
As we did in Section 2, we write 

Vn-Pn = - XN{VX)lmR+{X)dX-- XNi^)lmR+{X)dX 

(4.3) l\ 

= - / ^N{X)lm[R+{X'){I + VR^{X'))-' - R+{X')]dX, 

where P/v is the standard Littlewood-Paley projection, ip^ = fij^) and (p{X) is the odd 
extension of Ax(A)l[o^+oo). Given Aq G M, we expand the Neumann series of {I+VRq{X'^))^^ 
about A = Aq: 

(/ + VR+{X^))-' = (/ + VR+{Xl) + Bxm)-' = [(I + BxmSxo){I + VR+{Xl))]-' 
(4 4) °° 

= {! + VR+{Xl))-\l + i^A.Ao^Ao)-' " = "^Ao 5](-i?A,Ao>5Ao)"- 

n=0 

Plugging (4.4) with Aq = into (4.3), we construct a formal series for Vn- 

00 

(4.5) rN-PN'' = ''Y.^N, 



n=0 
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where 

N r 

V%:=- v9^(A)Im[i?+(A2)So](iA 

and 

V^:= (-1)"- / VN{X)MRoi>^^)So{Bx,oSor]dX. 

^ JR 

Remark 4.3. By Lemma 4.1 and 4.2, if 6 are sufficiently small, then ||-Ba,o5'o||£(2,i) ^ 1 for 
|A| < 5/2. Hence, the formal series (4.5) is expected to be absolutely convergent. 

4.3. Reduction to the decay estimate and the summability lemma. One drawback 
of the new formal series expansion is that V^^x,!/) does not have an off-diagonal decay 
factor in its integral representation. For example, the integral representation of T'j^{x,y) 
has 



(4.6) 



'PnHxq - xi \ + \x2 - xsl) - (fN{\xo - xi\), with xo = X and X4 = y, 



which is analogous to (pN{(^n) hi (|2.3p . However, unlike ipN{o'n), (4.6) does not decay away 
from X = y. Nevertheless, one can still hope to prove some decay estimate, since (4.6) 
decays rapidly away from x = xi. 

To enjoy the decay away from x = xi, we introduce the intermediate kernel (with addi- 
tional xi variable) such that 



(4.7) n{x,y) 
Precisely, we define 



4tt^\x — xi 



■V^{x,xi,y)dxi. 



(4.8) V^{x,xuy):-- 



ipN{\)Me'^\^~^^\So{xi,y)]dX 
ipN{\)lni\e'^\''-^^\{So{Bx,oSor}{xuy) 



for n = 0; 
dX for n > 1. 



For Theorem ll.2l (ii). it suffices to show the following two lemmas: 



Lemma 4.4 (Decay estimate). Let e, Nq andV'^{x,xi,y) as above. There exists K'^{xi,y) 
such that for N < Nq, 

Af||x||iy-,iKf (xi,y) 



(4.9) 
(4.10) 



\VN{x,xi,y)\ 



{N{x - xi)y 



\Knxi,y)\\L?,Ll^ <iS+l) 



71+1 



y 



\v\ 



K. 



27r 



Lemma 4.5 (Summability). Let e, Nq and V^{x,xi,y) as above. There exists K2{xi,y) 
such that for < N < No, 



(4.11) 
(4.12) 



\V^ix,xi,y)\<NK^ix,,y), 
m{xi,y)h^Ll^<e^{S + l 



in+l 
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Proof of Theorem \1.2\ {ii), assuming Lemma \4.4\ and \4.5\ By (4.9) and (4.11), we have 

where K{xi,y) := X]J^Lo[-^r(^i' y)-^2 (^i) y)]^^^- It remains to show K(xi, y) G L^L},.^ (see 
(4.5), (4.7) and (4.8)). Indeed, by (4.10), (4.12) and the choice of e (see (4.2)), we obtain 

I^IIa;\5 Ii , X , n + 1 \ ^ iS + 1 



l|A-(x„.)||,._ < + 1)^ (^) (S + = E 77=^ < ~ 

n=0 n=0 ^ ' 



□ 



4.4. Proof of Lemma 14.41 and 14.51 (n = 0). Since = ¥'(77) ^ ^c°' "^^ ^^^^ 

|7'^(x,xi,y)| < / vp;v(A)e^^l^-^^l^o(xi,y)dA = (pn{\x - xi\)\S^{xi,y)\ 

JR 

- (iV(,_,,))™ 1^0(^1' ^ (iV(^3^l^o(xi,y)|. 
Define K?(xi,y) = K^{xi,y) = So{xi,y). Then P^(x,xi,y) satisfies (4.9) and (4.11). 

4.5. Proof of Lemma [13] (n > 1). First, sphtting all Bxfi into ^/^([(A^) and {-VR^{0)) 
in V^{x, xi,y), we write T'^{x,xi,y) as the sum of 2" copies of 

(4.13) Im / ipN{X)e'^^^-^^^{SoVR+{aiX^)So ■ ■ ■ VR+{anX^)So}ixi,y)dX 

Jr 

up to lb, where Ofc = or 1 for each fc = 1, n. By splitting all into / and 5*0 in (4.13), 
we further decompose (4.13) into the sum of 2""'"^ kernels. 
Among them, let us consider the two representative terms: 



(4.14) Im / ipN{X)e'^\'^~'^'\{SoVR^{aiX^)So • • • VR+ {anX^)So}{xuy)dX; 

Jr 

(4.15) Im / v'7v(A)e'^l"-"il{y<(aiA2) • ■ .VR+{anX^)}{xi,y)dX. 

Jr 

Because both 5*0, i?(]'(afcA) are integral operators, by the free resolvent formula, we can 
write (4.14) in the integral form as 

n+l n ■ 

llfc=0 ^ 



Im / / ^n{X)T\ So{x2k^l,X2k)Y['^(^'2k) T(n 1 idxr2,2n+l)dX 

jRjR^r^ j^J-^ ^J-^ Uk=l'^^\^2k-X2k+l\ 

f fi+i T~[" V(x ) 

= Im / (fiNi^n) TT 5'o(x2fc-l,X2fc)™ rdX(2,2n+l) 

JK6n [[k=l'^T^\X2k - X2k+l\ 
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where xq := x, X2n+2 '■= U, cto '■= 1 and ct„ := X^^^g '^fcl^2fc — 2;2fc+i|- We observe that 
(4.16) |v.^K)| = \N^{Na^)\ < -J^^ < ^^ixo-x,))- ^ 

since a„ > |xo — xi\ and 95(A) = Ax(A). Applying (4.16) to (4.14), we get the arbitrary 
polynomial decay away from xq = xi: 



where 



mil \ so{x,,.„x,,)\m=i\v i^2k)\ 

nfc=i4vr|x2fc - X2k+i\ 
{|5o|(|y|(-A)-i|5o|)"}(xi,y) 



and l^ol is the integral operator with kernel |S'o(x,y)|. Then, since |S'o|(|T^|(— A) ^ISoD" is 
an integral operator, by (j4.ip and (3.2), it follows that 



l|i^r4.14)(^l>y)llL,-Li^ = ll|5o|(|V^|(-A)-l|5o|)"/||ii < 

Similarly, we write (4.15) as 



riLi^Trlxfc - Xfc+il 



I- / /. v^^(A) ^^^=^;,r^^,?r°\ , — rfx(2,„)dA 



= Im/ (/Piv(fT„):prH r^X(2,n) 

where xq := x, x„+i := y, oq := 1 and dn ■= Ylk=o'^k\xk - Xfe+il- By (4.16), we obt, 



am 



where 

Kj',.i5)i^i,y) ■■= [ ™%\^^^^^dx(2,„) = (|y|(-A)-i)"(xi,y) 
By the definition of the global Kato norm, we get 

\V\\k\"' 



1^(4.15) (^l.y) Ik- ii, < 



Air 



By the same way, we estimate other kernels, and define (xi, y) to be the sum of all upper 
bounds including K(4 i4)(xi,y) and -^'(4,15) (xi, y). Then it satisfies (4.9) and (4.10). 
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4.6. Proof of Lemma 14.51 {n > 1). We define 

K^{xi,y) := {(/ + \Som{I + |5o|)n(xi, y), 

where B is an integral operator defined in Lemma 4.1 and l^o] is the integral operator with 
|5o(x,y)|. Then, since |supp(/37v| ~ (4-11) follows from Lemma 4.1 and the definition 
(4.8). To show (4.12), splitting (/ + |5o|) into \So\ and I in K^{xi,y) and get 2"+^ terms: 

K^ixuy) < {\So\{B\So\r}ixi,y) + • • • + S"(xi,y). 

Since l^o] and B are integral operators, by Lemma 4.1 and 4.2, we have, for example, 

\\{\So\{B\So\r}ixuy)\\L^Li^ = \\\So\iB\So\r\\ciL^) < S^+'e^; 

\\B''(.xuy)\\L^Ll^ = \\B^c(L^)<e^. 

Similarly, we can estimate remaining terms. Collecting all, we prove (4.12). 

5. Proof of Theorem 11.21 (iii): Medium Frequencies 

We only sketch the proof of Theorem ll.2l (iii). since it closely follows from the argument 
in the previous section. Let e, 6, Nq and A^i be given in Section 3 and 4, and choose 
No < N < Ni. Let i) e such that suppV' C [-5,5], V(A) = 1 for |A| < | and 
X]^iV'(" ~ ^j) = 1 on (0,+oo), where \j := j5. We denote if'j^ = (fN^Pi' — Aj) so that 



Yfj=N/2sfN- Splitting (4.3) into 



Vn 



^'^{X) lm[R+iX^){I + VR^iX'))-' - R^{X^)]dX, 



2N/S 
j=N/2S 

and plugging (4.4) with Aq = Xj, we obtain the formal series expansion: 



N 
vr 



(5.1) 

where 

and 



n=0 



-pO 



2N/6 



2N/5 

E 

j=N/25 



^^{X)lm[R+iX^)Sx,]dX 



N f 

n--= E (-1)"- / ^Nm^{Rt{>?)Sx,{Bx,x,Sx,T]dX. 



j=N/25 

We also define the intermediate kernel V^{x, xi,y) by 

2N/5 



V^ix^xi^y) :-- 



E 

j=N/25 
2N/5 

E 

k j=N/2S 



Vp]y(A)Im[e*^l---^l5A,(xi,y)]dA 



vU^nm [e*^l---il{SA,(i?A,A,5A,)"}(xi,y)' 



for n = 0; 



dX for n > 1. 
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{-lYN 



-V]if{x,xi,y)dxi. 



4tt'^\x — xi\ 

By the argument of the previous section, for Theorem 11.21 {in), it suffices to show the 
fohowing two lemmas. 

Lemma 5.1 (Decay estimate). Let e, Nq, Ni andV^{x,xi,y) as above. For Nq < N < Ni, 
there exists ^{xi,y) such that 



\V^{x,xuy)\ 



N\\x\\w"^,iK'^i{xi,y) 



{N{x - xi)y 



\K^M,y)\\L^Ll^ <{S + 1 



2tt 



Proof. Observe that 



Hence, Lemma 5.1 fohows from the argument in Lemma 4.4, except that now we need to 
replace So by Sx^ , apply 

IXIIW'™.! 



instead of (4.16), and sum in j. 



□ 



Lemma 5.2 (SummabiHty). Let e, Nq, Ni andV^{x,xi,y) as above. For each Nq < N < 
Ni, there exists K"^ 2{^i^y) such that 



\n+l 



' ' y 1 

Proof. Replace So by S\. in the proof of Lemma 4.5. Then Lemma 5.2 follows. 
Proof of Corollary \L3[ It suffices to show that for / G L^ H L"^, 

II^^/IIli<II/IIli, \\rNf\\L^<N^^ 



□ 



Indeed, if they are true, interpolation of the two estimates and the trivial bound ||7^Af /||l2 < 
||/||j,2 gives Corollary 1 1.3i We only consider the case N < Nq. Other cases follows similarly. 
First, by Theorem 11.21 (ii). we have 

N^K{xi,y)\f{y)\ 



WVNfh^ < 



< 



\x — xi\{N{x — xi))^ 
Ar2 



dxidy 



\x — xi\{N{x — xi))^ 



Li 



K{xi,y)\f{y)\dxidy 



< \\K(xi 



1 < 



By the same argument and duality, 

ll^iv/IlL^ <iV'/'||/||Li, \\VNf\\L-<N^^'\\f\\L^. 
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Since the proofs of Lemma 14.41 and 14.51 do not depend on the choice of x- Indeed, if we 
define Vn using x* ^ such that x* = 1 on suppx and suppx* C (f, fg), then Vjq also 
satisfies the above estimates. Thus, 

\\VNf\\L^ = \\VNVNf\\L^ < N^'^VNfWL^ < iV'||/||L- 

□ 



6. Homogeneous Sobolev Inequality: Proof of Theorem 11.61 

Since H~2'Pj^ has a symbol X^2xn{^), replacing the role of x by A^^x iu Theorem 11.2 
one can show that there exist A^'o ^ 1, A^i » 1 and K{xi,y) G L'^L\^ such that 



\H-2VN{x,y) -\V\-'PN{x,y)\ < 



N^-'K{xi,y) 



^dxi, for N < Nq. 



j3 \x — xi|(A^(x — 

For x,y £ M^, let A^* be the dyadic number such that A^* < |x — y\^^ < 2A^*. Observe that 



\H~IV>NA^,y)\< E \H~'''PN{x,y)\<Y, 



N>Ni 



N 



{N{x-y))^ 



N<N:t 



N>N-t 



\x - y\ 



\x — y\'^ \x — y 



3-s • 



Thus, it follows from the fractional integration inequality that H 2'P>^^ is bounded from 
LP to L". 

Similarly, one can show that 

K{xi,y) 

\X — Xi\'^ 

By the endpoint fractional integration inequality jl4|, Theorem 1, p. 119], we obtain 



\H~-2V<No{x,y) - \V\-'P<Noix,y)\ < [ 



JjO s 



K{xi,y)\fiy)\ 



|a; — xi| 



dxidy 



< 



K{xi,y)\fiy)\dy < \\K{xi,y)\\L^Ll Wfh- ^ 

^1 



and 



ivr^p<ivo/ii^^,^ < 



Thus, H '^VkNo is bounded from to L^-"'^. By duality [U Theorem 3.7.1 and 5.3.1] 
and the real interpolation [H Theorem 5.3.2], we obtain that H~'2V<.No '■ — t- L'^. 

s 

For A'^o < N < Ni, replacing the role of x by A~*x iu Corollary 1.3, we see that H~^Vn 
is bounded from to L'^. Collecting all, we complete the proof. 
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